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I. INTRODUCTION 

In practice and engineering applications, many dynamical 

systems may cause abrupt variations in their structure, due 

to changes in the interconnections of subsystems, sudden 

environment changes, and so on. Markovian jump systems, 

which are modeled by a set of subsystems with transitions 

among the models determined by a Markov chain taking 

values in a finite set, have been extensively studied, see [1-

5] and the references therein. On other hand, neutral 

system that the time derivative of state depends not only on 

the delayed state but also on its time derivative exists in 

many dynamic systems. Since many complex systems can 

be modeled preferably as neutral systems, a great deal of 

attention has been drawn to the study of neutral systems for 

the last two decades, such as [6-8], and the references 

therein. Recently, many researchers have paid a lot of 

attentions on the problem of the dynamic properties for 

neutral Markov systems [9-12]. 

The reachable set estimation of dynamic systems is 

defined as the bounded set containing all reachable state 

trajectories starting from the origin under the constraint of 

admissible bounded inputs. Recently, the reachable set 

estimation problem has received growing attention, which 

due to its importance in solving the problem of state 

estimation and parameter estimation. Then, an increasing 

number of researchers have devoted their efforts to the 

problem of reachable set estimation [14-23]. In [16], a 

delay-dependent condition for an ellipsoid bound, which 

contained five non-convex scalar parameters to be treated 

as tuning parameters for finding the smallest possible 

ellipsoid, was derived based on the Razumikhin approach 

and the S-procedure Kim[18] proposed an improved 

ellipsoidal bound of the reachable set of reachable states 

based on constructing a modified the Lyapunov functional 

and Linear Matrix Inequality Method[13]. This limitation 

may restrict the scope of application for this method. By 

using a maximal Lyapunov-Krasovskii functional which 

was constructed by taking pointwise maximum over a 

family of Lyapunov functionals, some criteria bounding 

the reachable set bounding for delayed systems subject to 

both polytopic uncertainties and bounded peak inputs was 

derived in [20]. In [21], an ellipsoidal bound of reachable 

sets for neutral systems with bounded peak disturbances 

was obtained in the form of matrix inequalities containing 

only one nonconvex scalar based on the modified 

augmented Lyapunov-Krasovskii type functional. Lin, He, 

Wu and Liu[20] concerned with the reachable set estimation 

for Markovian jump neural networks with time-varying 

delay and bounded peak inputs. By using the Wirtinger-

based integral inequality and the extended reciprocally 

convex matrix inequality, an ellipsoidal description of the 

reachable set for the considered neural networks is derived. 

But the result about the bound of reachable set bounding 

was rarely proposed for neutral markov systems.     
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However, the bound of reachable sets for neutral 

markovian jump systems with bounded peak disturbances 

has not been investigated, which motivates this paper. In 

this paper, we consider the problem of finding an bound of 

reachable sets for neutral markovian jump systems with 

bounded peak disturbances. Based on the modified 

Lyapunov-Krasovskii type functional, some delay-

dependent results are derived in the form of matrix 

inequalities containing only one non-convex scalar. 

Furthermore, a modified matix inequality is used, to 

remove the limitation on the variation rate of the delay and 

obtain a "smaller" bound of reachable sets. Numerical 

examples illustrate the effectiveness of the obtained results. 

 

II. PROBLEM STATEMENT 

Consider the following neutral markovian jump systems 

with disturbances： 
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where ntx )(  is the state vector, 0  is a constant 

neutral delay, the discrete delay )(th  is a time-varying 

function that satisfies 
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ttt rtrtrt CBA  and ),( trtD  are known constant matrices 

of the Markov process. 

Since the state transition probability of the Markovian 

jump process is considered in this paper is partially known, 

the transition probability matrix of Markovian jumping 

process   is defined as 
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where ? represents the unknown transition rate. For 

notational clarity, i , the set iU  denotes 
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moreover, if i

kU , it is further described as 

},,{ 21
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m

iii

k kkkU ， , where m  is a non-negation integer 

with Nm 1  and 
 Zk i

j , Nk i

j 1 , mj ,,2,1   

represent the known element of the ith row and jth column 

in the state transition probability matrix  . 

For the sake of brevity, )(tx  is used to represent the 

solution of the system under initial conditions ),,( 00 xttx , 

and }),({ ttx  satisfies the initial condition ),( 00 rx . and its 

weak infinitesimal generator, acting on function V , is 

defined in [37]. 
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This paper aims to find a reachable set for neutral 

markovian jump systems (1) based on the Lyapunov–

Krasovskii functional approach. We denote the set of 

reachable states with )(tw  that satisfies (2) by 

)}.2()1()(),(|)({ andsatisfytwtxtx n

x   (7) 

We will bound x  by an ellipsoid of the form 
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For simplicity, there are the following representations: 
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In this paper, the following Lemma and Assumption are 

needed. 

Lemma 1[13]. Let 0))0(( xV  and 2)()( m

T wtwtw  , if 

,0,0,0)()()())(   twtwxVxV T

tt
  

then we have 
2))( mt wxV




  for all 0t . 
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Lemma 2[13] Suppose 0h  and ntx )( , for any 

positive definite matrix W  the following inequality holds 
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Lemma 3[18]. For any positive-definite matrix n , 

scalar 0 , vector function nw ],0[:   such that the 

integrations concerned are well defined, then 
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III. MAIN RESULT 

Our aim is to find an ellipsoid set as small as possible to 

bound the reachable set defined in (3). In this section, 

based on Lyapunov method and linear matrix inequality 

techniques, following Theorems are derived. 
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Proof: We choose the following Lyapunov-Krasovskii 

functional candidate as follows: 
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

































































 

where i  is the same as defined in the Theorem 1 and 

 )()())(()()()( twtxthtxtxtxt TTTTTT    . 

Thus, from matrix inequalities (10)-(12), we get 

,0)()()()(
2

 twtw
w

xVxLV T

m

tt


         (16) 

which means, by Lemma 1, that 1),,( tt rtxV , and this 

results in 1)()(),,( 11  tPtxitxV
T

i

T

t  for i , since 

0),,(),,(),,( 432  itxVitxVitxV ttt  from (14). 

So the reachable set of the system (1) is bounded by 

ellipsoid ))(1,( 1  iP i  defined in (8), which implies that 

the reachable sets of the system (1) having the constraints 

(2) is bounded by a boundary )1,( 1i
i

P


 . This completes 

the proof. 

Remark 1. It should be noted that the more the 

unknown elements there are in (4), the lower the maximum 

of time delay will be in Theorem 1. Actually, if all 

transition probabilities are unknown, the corresponding 

system can be viewed as a switched neutral markovian 

jump system under arbitrary switching. Thus, the 
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conditions obtained in Theorem 1 will be thereby cover the 

results for arbitrary switched neutral markovian jump 

systems with disturbances. In that case, one can see the 

bounds of reachable sets in Theorem 1 become seriously 

conservative, for many constraints. Fortunately, we can use 

the Lyapunov functional method to analyze the bound of 

reachable sets for the neutral markovian jump system 

under the assumption that all transition probabilities are not 

known. 

Following a similar line as in proof of Theorem 1, we 

can obtain the following Theorem. 

Theorem 2. Consider the markov neutral system (1) 

with all elements known in transition rate matrix (4), if 

there exist symmetric matrices iP2 , iP3 , 01 iP , 

0iW ( Ni ,,2,1  ), 0Q , 0R , 0S  and a 

scalar 0  satisfying the following matrix inequalities for 

Ni ,,2,1  , 

  ,0

****

0***

00**

*

33

33322

22131211








































I
w

Re

DPCPBP

DPCP

m

i

i

T

ii

T

ii

T

ii

i

T

ii

T

iiii

i




 (17) 

where 

  ,112211 





N

Uj

jiji

h

Mi

T

ii

T

ii
i
k

M PPSehQPAAP   

  i

T

i

T

iii PAPP 32112  ,  

  i

h

M

T

ii PehBP M
3213


 , 

  T

iMi PPRSh 3322  , 

  SehQeh MM h

M

h

di

 
 -)1(33 . 

Then, the reachable sets of the system (1) having the 

constraints (2) is bounded by a boundary )1,( 1i
i

P


 , 

which ))(1,( 1  iP i  is defined in (8). 

For finding the bound of reachable sets for neutral 

Markovian jump systems with all transition probabilities 

are not known, which indicate that system (1) is a  

switched neutral delay systems. One can construct the 

following Lyapunov functional and obtain the Theorem 3. 

 
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
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







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




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


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0
)()(

)(

)(

32

1
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)(

)(

0

00

0
)()(),,(

M

tt

t

h

t

t

Tts
t

t

Tts

t

tht

Tts
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rTT

tt

dsdsxSsxesxRsxe

dssQxsxe
htx

tx

PP

PI
htxtxrtxV













  

Following a similar line as in proof of Theorem 1, we can 

obtain the following Theorem 3. 

Theorem 3. Consider the markov neutral system (1) 

with all elements unknown in transition rate matrix (4), if 

there exist symmetric matrices iP2 , iP3 , 01 iP , 

0iW ( Ni ,,2,1  ), 0Q , 0R , 0S  and a 

scalar 0  satisfying the following matrix inequalities for 

Ni ,,2,1  , 

  ,0

****

0***

00**

*

33

33322

22131211








































I
w
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DPCPBP

DPCP

m

i

i

T

ii

T

ii

T

ii

i

T

ii

T

iiii
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


 (18) 

where 

  ,12211 i

h

Mi

T

ii

T

ii PSehQPAAP M 


  

  i

T

i

T

iii PAPP 32112  ,  

  i

h

M

T

ii PehBP M
3213


 , 

  T

iMi PPRSh 3322  , 

  SehQeh MM h

M

h

di

 
 -)1(33 . 

Then, the reachable sets of the system (1) having the 

constraints (2) is bounded by a boundary )1,( 1i
i

P


 , 

which ))(1,( 1  iP i  is defined in (8). 

Remark 2. The solution for (10-12), (17) or (18), if 

it exists, need not be unique. It is well-known ([13]) that 

the volume of ))(1,( 1  iP i  defined in (8) is proportional 

to )det( 1iP , so the minimization of 2

1

1 )det(


iP  is the same 

as minimizing the volume of )1,( 1iP . That is, maximize 

2

1

1 )det( iP  subject to iPI 1 which can be equivalent to the 

following optimization problem: 

https://dx.doi.org/10.22161/ijcmp.4.3.4
http://www.aipublications.com/ijcmp/


International journal of Chemistry, Mathematics and Physics (IJCMP) 

[Vol-4, Issue-3, May-Jun, 2020] 

https://dx.doi.org/10.22161/ijcmp.4.3.4 

ISSN: 2456-866X 

http://www.aipublications.com/ijcmp/                                                                                                                                    Page | 62 

Open Access 













).18()17(),1210(

,,0
..

})det(min{min

1

2

1

or

iP
ts

P

ii

ij
ji





                   (19) 

  Remark 3 The matrix inequalities in Theorem 1 and 

Theorem 2 contain only one non-convex scalar   (for 

given Mh  and dh , and these become LMI by fixing the 

scalar  . The feasibility check of a matrix inequality 

having only one non-convex scalar parameter is 

numerically tractable, and a local optimum value of   can 

be found by fminsearch.m. 

 

IV. EXAMPLE 

In this section, a numerical example demonstrates the 

effectiveness of the mentioned above. Consider the neutral 

markovian jump systems with three operation modes 

whose state matrices are listed as follow: 















],0,*[,0)(

),()((

)()()(

0

),(),(

),(),(





tx

twDthtxB

txAtxCtx

tt

tt

rtrt

rtrt


     (20) 

where 















20

12
1A , 














20

03
2A , 














5.11-

02
3A , 















21

01
1B , 













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02
2B , 














20
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3B , 















21

01
1C , 














11

02
2C , 














20

02
3C , 











15.0

15.0
1D , 










35.0

14.0
2D , 










3.0

2.0
3D . 

The transition rate matrix Λ is considered as the 

following three cases. 

Case 1. The transition rate matrix Λ is completely 

known, which is considered as 






















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8.05.03.0

4.016.0

4.02.06.0

. 

Case 2. The transition rate matrix Λ is partly known, 

which is considered as 




















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???

?1?

4.02.06.0

. 

Case 3. The transition rate matrix Λ is completely 

unknown, which is considered as 



















???

???

???

. 

 

 

Fig. 1: Random jumping mode r(t) of neutral markov jump 

system (20) 

 

Fig. 2: The time responses of state variable x(t) of neutral 

markov jump system (20) in case 1 

Firstly, by giving the transition probabilities Λ, a 

possible mode evolution of the neutral markov jump systm 

(21) is derived as shown in Fig. 1. Based on the mode 

evolution shown in Fig. 1, and choosing disturbances 

$w(t)$ as the random signal satisfying 1)()( twtwT , all 

the reachable states of neutral markov jump systm (21) 

starting from the origin are given in Fig.2. 
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Fig. 3: The bound of reachable sets for neutral markov 

jump system (20) in case 2  

 

 

Fig. 4: The bound of reachable sets for neutral markov 

jump system (20) in case 3  

 

 

Fig. 5: Random jumping mode r(t) of neutral markov jump 

system (20). 

 

By using theorem 2 and solving the optimization 

problem (20) in case 1, we can obtain minimization of 

2

1

1 )det(


iP  is 0.2119 when 1.0 , and the corresponding 

feasible matrices are given as 









4.79993.5856

3.58567.3166
11P , 











2.58382.6437

2.64379.0948
12P , 










1.80162.6743

2.67436.8632
13P . The 

reachable sets of the system (23) in case 1 is bounded by a 

intersection of three ellipsoids: 
3

1

1 )1,(



i

iP , which is 

depicted in Fig. 3. 

By using theorem 1 and solving the optimization 

problem (20) in case 2, we can obtain the minimization of 

2

1

1 )det(


iP  is 0.4621 when 1.0  and the corresponding 

feasible matrices are given as 









1.68462.5552

2.55526.6245
11P , 











1.68572.5544

2.55446.4226
12P , 










1.69522.5788

2.57886.6851
13P . The 

reachable sets of the system (23) in case 1 is bounded by a 

intersection of three ellipsoids: 
3

1

1 )1,(



i

iP , which is 

depicted in Fig.4. 

By using theorem 3 and solving the optimization 

problem (20) in case 3, we can obtain the maximize 

65.0  when 1.0 , and the corresponding feasible 

matrices are given as 









4.81684.3002

4.30028.1386
11P , 











2.57182.6563

2.65639.0931
12P , 










1.80132.6735

2.67356.6807
13P . The 

reachable sets of the system (23) in case 1 is bounded by a 

intersection of three ellipsoids: 
3

1

1 )1,(



i

iP , which is 

depicted in Fig.5. 

 

V. CONCLUSION 

In This paper, the problem of robust stability for a class of 

uncertain neutral systems with time-varying delays is 

investigated. Sufficient conditions are given in terms of 

linear matrix inequalities which can be easily solved by 

LMI Toolbox in Matlab. Numerical examples are given to 

indicate significant improvements over some existing 

results. 
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